losning 1:a ordning ODE ekvation

Bestam LTI systemsvar (utging y(t)) pa en ingang signal x(t).

x(t)
ht) =eu(t)  b>0 o) P
x(H)=e“u(t) a>0
X(w Y(w
Taking Fourier transforms of both signals:
. 1 , 1 H(jw)= LU
) b+ jw ) a+ jw X(jw)
gives the overall frequency response:
. 1
Y(jw)= . .
(b+ jw)(a+ jw)

Fardiga eller?



losning 1:a ordning ODE ekvation

1

)= (b+ jo)a+ jo)

Att konventera till tidsdoman maéste vi uttrycka Y(jw) som
partialbroksuppdelning

1 1 1
Y .a) — —_ . oo o .
(Jo) Py ( (a+ jw) (b+ jo) ) Nasta forelasning

Systemsvar ar da

2(6) = (e u(t) - e'u(r))
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Bodediagram



Frekvensspektrum

forstarkning

2a 2b
1 (0]
0.8 -20
| .y Y (o)
0.4 § -60 : H (] 6()) = .
X(jo)
0.2 L -80 L 1
% 5 10 100, 5 10
w rad/s (ejlogskala) , 14° w rad/s (ejlogskala) | {o°
Bode diagram H () | cos(w? + LH(w))

Amplitudforstarkningskurvor blir ofta ganska svartolkade 1 linjar
-linjar plot, 1stallet ritar man amplitudkurvan 1 log-log skala.

Vidare sa multiplicerar man ofta forstarkningen med 20 for att
erhalla en decibelskala

vi plottar 20 log/H(iw)| med en logaritmiskt vixande frekvens



Frekvensspektrum linjar vs dB skala

2a 2b
1 0
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= S
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0.2 -80 L
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2c 2d
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wi w1
- -100
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2e of

Frekvens [rad/s]



Decibel

Decibel [dB] ar ett logaritmikt matt

Det anvands for att ange ett forhallande till ett referensvarde
och definieras enligt

P2 .
dB = 10log,, — P2: Effekt

Pl P1: referens virde

A
dB = lOloglop—2 =10log1o uzr2 = 2010g10U—2
P1 UlA2 Ul

Decibel anvands ofta for att beskriva ljudniva, elektrisk
signalstyrka och digitala signaler.



Lar oss kinna vara logs

Koncept :
(1) Genom decibelnummer kan vi %8 %gg gg (1))1 ) : :38 gg
se skilnader tidligare 201log (0.5) = -3dB
20 log (1) = 0dB
20 log (2) = 3dB
20log (10) = 20dB
20 log (100) = 40dB

20 log(1000000) = 120dB

(2) decibelnummer kan laggas till (eller subtraheras) nar vi mater
flera punkter (cascading) 1 stallet for multiplikationer.

1dB

-3dB N 7 dB | -3dB

| | Eftektforandrig mellan p1 och p4

| | | |
| | | |
| | | | ;
B - dB=—3+7-3=+]
Point 1 Transmission Point 2 Point 3 Transmission Point 4
medium medium




Liten poang om dB

w

Octave :

Decade : dec =log,,—=

A a)l

1 \ <>
1 2 3 4 o 20

100

v



(Approximativt) Bodediagram

Inom elektronik anvands ofta decibel - skala for effekter och
amplituder

Brytfrekvens fg

\y
_..*‘ : ,.....,_deB
f, Lutning
\ -20 dB/dekad

10
frekvens [log, (1)

For att variationer 1 amplitud ska synas lika bra vid hoga

frekvenser som vid laga frekvenser sd anvinds en logaritmisk
frekvens-axel



Bodediagram

En snabb teknik fOr att uppskatta en komplicerad 6verforingsfunktion
med flera poler och nollor

vi skissa [H (jo)|,; och ¢ (H (jo)) som funktion av o eller f med
logaritmisk skala pa w-axeln

nolla
H(w) = k_LH 0T o)1+ jor, )
(w2 + jot )+ jot ,,)---(1+ joT,,)
pol J
Brytfrekvens 1 Ag =20 loglo H (o)
w, =— 0 =-tan”! (o /o)

T;



Sammanfattning av enkla individuella faktorer

1
Simple Pole: =1 - ©=7
| 0dB T .
-90
1+ jort \
Simple Zero: - / 490
1+ jowr -~ '
DC Zero: 0dB / i
/ +90
jot - '
DC Pole: \ 5
1 OdB]—— ~90
jwr st N




Case [ : k

IGH|(dB) !

/

0.1

10

‘k‘ =20 log‘k‘(dB)

LGH

180°

0° k=020
L) =
180° k<0




Case/ll: |
——
GH|(dB):
\p =2
N\
.1 — =-20plogw(dB) p=1 .
(J@o)"| 0.1 10
t6H | \~
| 90’
: = (_900) xp >
(Jw)” p=1
- 90"
_ 1809‘ _____ P = 2
automatique by meiling Chen
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Case [Il : P

‘GH‘(dB) // p=1/'/
(j)"| , =20ploga(dB) .
0.1 10
180°
00" L=
£(jw)" =(90")x p -
-90°

~-180°




Case IV : a 1

_(jCU'FCl) a

\GH|(dB)

or (—jw+1)"

‘<1+jﬂ>'
a

= 20log |1+ ()
dB a

= —101og[1+ ()]
a

w<<a=2~0=dB=-10logl=0

0.1

v

a
w>>a:1+jgzg=>d8z—2010gﬂ /GH
a a a

0
dB = -[201logw - 201log a] 180

A

w=a=-45

w=a=1+j1=dB=-10log2=-301 90’

v

0
L(1+ ] ) 0° —tan” & -0
a - 180"

W
w<<a=—zO=LGHztan '0=0°
a

w _
w>>~a=>—=00=/GH ~—tan" © = -90°
a




Case VI : G--@) or (l jo+1)

S a & a = 1
‘GH‘(dB) /"
1+ =20log, [1+(Z) )
a | a
W, =
=1010g[1+(;) ] . : "

w-<-<a=>gz0=>dB=1010gl=0
a
)

C()>‘>‘Cl31+j£z—3d8z2010gg JGH
a

a a

dB =20logw -201loga

w=a=1+ jl=dB=10log2 =3.01
. 1

/(1+j—)=tan” =

a a

w
w=<<a=>—=~0=/GH ~tan" 0 =0°
a

) B . ..
W= — ~00= /GH =~ tan"' o ﬂl’@gbathue by meiling Chen

a
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~-180°
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Case V': (2 + j Cn
a a

\GH|(dB) ‘

0.1 1

10

LGH

180°

-90°

~-180°




Exempel

Consider the following transfer function

H(jw) = 107 jow(1+ jor,) 7, =100ns
ST 0+ jor )+ jor,)  1,=10ns
7, =100ps

Brytfrekvenser: inverterad tidskonstanter

w, =10Mrad/s w, =100Mrad/s w, =10Grad/s
[ . W
1]?(1"'];)
H(jw) = -

A+ )1+ )
) )

1 3



Exempel

Bryta ner amplituder
I+ j—
. 105 ( J w, )
H(jow)|,, =20log ~
1+ )1+ j )
w, W;
—2010g +2010g1+]£
10° w,
W
—2010g1+]— 201log]l + j —
Wy W,

Kom 1hdg: log av produkt ar summa av logs



Exempel

Bryta ner fas
Lab=La+/Lb

107 jow(+ jor,)

O = & U+ jor)

LH(jw)=LI%+ 21+ ]2
10 w,
w

2 W Ry} P
W, Wy
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A \N
N\




Phase

Hur bra approximation man far?
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Exempel

Bestam H(jw) av foljande krets. Rita Bodediagramet.

R=10€Q

AN ——
¢ - L

1F




Exempel

R=10€Q

ANN—— -
é) b —u Hw- !
C=0.

C

IF 1+ jw

Ar det ndgot som H(jo) inte beskriver?




Motivering

Transienter!
Differential ekvation
R : u(tr)—u. (t
o l(t) — 1( ) ( )
AW\ K
: o~ du ()
U <+> i v C u, (t1)=C ”
du (t) 1 1
—+ u.(t)=——u(t
dt RC ) RC ()



Laplacetransformen



Histori av Laplace transform

Euler began looking at integrals as solutions to differential equations
in the mid 1700’ s:

z= /X(r‘)e“ dx z(x; a) =of e X(1) dt,

Lagrange took this a step further while working on probability density
functions and looked at forms of the following equation:

/X(r)e—arar dr,

Finally, in 1785, Laplace began using a transformation to solve
equations of finite differences which eventually lead to the current
transform

S = Ays + BAy, + C/Izys s Ys = f e ™ ¢)(.X') dxa



Pierre-Simon Laplace

“The French Newton”

Developed mathematics in
astronomy, physics, and statistics

Began work in calculus which led to
the Laplace Transform

Focused later on celestial mechanics

One of the first scientists to suggest
the existence of black holes




Definition

The Laplace transform is a linear operator that switched
a function x(t) to X(s).

[ st Laplacet
X(s)= [ x@)™dt  Laplscenan/om

s=0+jo [s] \ @

Men vi ska anvanda
en enkelsidigt variant

o,<0=Re{sj=0,

Jamnfor med Fourier transform

X(jw)= [ x(t)e™ ™ dt



Definition

Laplace transform

(enkelsidigt)

S=0+ jw

Att ha med
impulser 1 t=0

+ Enklare att fa svar pa transienter
+ konsistent med vanlig praktik
- Bortser x(t) for t<0

Ett par

L

x(t) <> X(s)

E .\
S ——

A ja)
Konvergensomrdde—""_ | | /
O = Re {S} > ()'O Ob
X(s) o) gl
LAx(t)} lim
L7H{X(s)} f(()—)=limft)



Definition

Den 1nversa laplacetransformen ar densamma for den dubbelsidiga
som for den enkelsidiga transformen:

Invers Laplace transform

Integrationsvag
| konv.omradet
jo

A :0'+j00

Dock denna anvands typisk inte , |
Vi kommer anvinda partialbroksuppdelning o




Begransking

1) En funktion f(t) ar styckvis kontinuerlig pa [a; b]
om den ar kontinuerlig utom i ett andligt antal
punkter i intervallet, men har ( andliga) hoger-
och vanstergransvarden i dessa punkter. ,, ,\

2) dr integrerbar pd 0 < ¢ < R fér alla R>0 och om f(t) har
exponentiell ordning (da ¢ — o0)

dvs om det finns konstanter C, a, [y sadana att

‘f(t)‘ < Me® = tO Ingen LT 2
f@)=e"



Konvergens och ROC

* Laplacetransformen inte altid konvergerar till en andlig varde for
alla signaler och alla viarden av s

* Virdena for er som Laplace trans konvergerar kallas regionen
konvergens (ROC)

Exempel

f(@)=e"u();
F(s)= [ ft)e™ dt

e ]

© 1 g
=f+eatestdt= e(sa)t
0 —-s—a 0
_1 —(s+a)t 1
=——2e¢ = = Re(s+a)>0;Re(s) > —a
S+a o S+a

Inkludera alltid ROC 1 din 16sning!



Konvergens och ROC

ROC existerar inte nodvandigt
() =e*u(®)+e"u(-t)
F(s) = f_°° f(H)e™dt

1

() —
1
1) s+3

FS—l—l'

= +3°

Det finns ingen gemensam ROC - Laplace Transform
can inte appliceras!



LT: Egenskaper

Linjaritet

Xi(s) = L{z(t)} ROC=R,

Xa(s) = L{xzz(t)} ROC=R,
then you should be able to show that

([a121() + asza()] u(t) < a1X1(s) + a2 Xa(s) | ROC= R,NR,

Example: Find the Laplace transform of z(t) = 56(t) — 2 cos 5t.

c{5(t)} = 1

S
L t} =
{coswt} R
i S

28
s2 4+ 25




LT: Egenskaper

TidSkalning
Given X (s) = L{x(t)}, what is L {xz(at)} for a > 07

L{z(at)} = ./_ z(at)e™ " dt




LT: Egenskaper

Tidtranslation

Given X(s) = L{x(t)}, what is L {x(t — to) u(t — to)} for tg > 07

LA{z(t — to)u(t —to)}

T

dr
t

LA{z(t —to) u(t —to)}

o0
/ x(t — to) u(t — tg)e 5" dt
t —to
dt
T + to

/ z(T) u(t)eS(Ttt) dr
.—to
/ z(r)u(r)e ") dr

o0
e—s""/ x(T)e T dr

[ z(t — to) u(t —to)

T

e_StoX(s)]




LT: Egenskaper

OBS: kombinering av Tidtranslation och tidskalning

—-sb/a
e

f(at-b)u(at —b) < F(s/a)

a

Forst Tidsforskjutning sedan skalning!!!



LT: Egenskaper

Forskjutning i s-domdn

Given X (s) = L{z(t)}, what is the inverse Laplace transform of
X(S + So)?

X(s+sg) = / z(t) e (sFs0)t g¢

/OC (z(t)e ") e " dt

L{e '2(t)}
e Solx(t) u(t)

X(s+ so)

L:_l {X(S + S())}
e %t p(t) u(t)

I 0




LT: Egenskaper

Differentiation i tiden

Given X (s) = L{x(t)}, what is the Laplace transform of i(t)?

dz(t) *dx(t) _g

u = e St du = —se 5t dt
o dx(t) o
dv = T dt v = x(t)

d;‘l‘(t) o0 - o0
E{T} = /_ udv = uv|~ — ./_ vdu

= e Sz(t) Sci — /0_ z(t) (—se™) dt

=(0—2(07)) +s / z(t)e st dt

dz(t) c .
[ T u(t) <= sX(s) —z(07) ]




Mot losningen differential ekvationer...

d

dt< 2 s L[%y(f)}=SY(S)_y(O)

> | ' d? - df (07)
——>yg [ _ o2 _ ) —

1 _dt2 y(t)- s“F(s)—sf(07) ”
" o

dt’



